Koopmans-compliant (KC) functionals have been shown to provide accurate spectral properties through a generalized condition of piece-wise linearity of the total energy as a function of the fractional addition/removal of an electron to/from any orbital. We analyze the performance of different KC functionals on the GW100 test-set, comparing the ionization potentials (as opposite of the energy of the highest occupied orbital) of these 100 molecules to those obtained from CCSD(T) total energy differences, and experimental results, finding excellent agreement with a mean absolute error of 0.20 eV for the KIPZ functional, that is state-of-the-art for both DFT-based calculations and many-body perturbation theory. We highlight similarities and differences between KC functionals and other electronic-structure approaches, such as dielectric-dependent hybrid functionals and G 0 W 0 , both from a theoretical and from a practical point of 1 arXiv:1810.02111v1 [physics.comp-ph] 4 Oct 2018 view, arguing that Koopmans-compliant potentials can be considered as a local and orbital-dependent counterpart to the electronic GW self-energy, albeit already including approximate vertex corrections.
failure can be understood in terms of the deviation from the expected piece-wise linearity (PWL) of the exact energy functional as a function of the number of particles, first discussed by Perdew-Parr-Levy-Balduz 6 (PPLB). Diverse xc functional developments [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] are indeed guided by such a fundamental condition, with the aim of correcting the spurious selfinteraction error present in almost all DFAs and get accurate prediction of frontier orbital energies from single-particle energies.
In this respect, Koopmans' compliant (KC) functionals have been introduced 11, 12, 21 to purify standard density-functional approximations from self-interaction errors deriving from the lack of PWL. In this formulation, a generalized PWL condition is imposed to the total energy as a function of the fractional occupation of any orbital in the system, thus extending the standard PPLB linearity condition (valid only for the highest occupied state) to the entire electronic manifold. This ansatz results in a beyond-DFT orbital-density dependent functionals with enough flexibility to correctly reproduce both ground state and spectral properties. Infact, while the ground state energies are very close or identical to those of the starting functional, 21 we argued 22 that for the spectral properties the orbital-dependent KC potentials act as a quasiparticle approximation to the spectral potential, [23] [24] [25] i.e. the local and frequency-dependent potential sufficient to correctly describe the local spectral density ρ(r, ω). To further support this picture we present in this work a detailed analysis of the KC orbital-dependent potentials and establish a connection with more complex electronic-structure methods, and in particular with the well-known GW approximation 26 in the framework of many-body perturbation theory. We provide additional evidence that, in a localized representation of the electronic manifold, the orbital-dependent KC potentials provide simplified but yet accurate approximations to the non-local and frequency-dependent self-energy. We finally analyze the performance of the KC functionals on the GW100 test set; 27 comparing our results against state-of-the-art GW calculations, accurate quantum chemistry methods, and experiments finding overall an excellent agreement, even more remarkable as obtained with a functional theory of the orbital densities.
Koopmans-compliant functionals
In this Section we review the basic features of KC functionals and we refer to Refs. 21, 28,29 for an extensive discussion of the approach, that is based on the three concepts of linearization, screening, and localization.
Linearization. The basic ansatz behind the KC functionals is to enforce a generalized criterion of piece-wise linearity to the total energy as a function of the fractional occupation of any orbital in the system. This is a generalization of the well-know PWL of the total energy as a function of the number of particles 6 (or, equivalently, as a function of the fractional occupation of the highest occupied state) to the entire electronic manifold. This is achieved in two steps: starting from any non-linear density functional E DFT and for each orbital φ iσ first (i) the "bare" or "unscreened" Koopmans corrections {Π assuming that all other electrons do not respond when a particle is added/removed from the system. Then (ii) relaxation effects are captured by orbital-dependent screening parameters {α iσ } for the bare corrections, leading to the general form of the KC functionals as:
The corrections {Π u iσ } remove, in a frozen-orbital picture and for each orbital φ iσ , the "Slater"
non-linear behavior of the underlying functional as a function of the occupation f iσ of the orbital at hand, and replace it with a linear Koopmans term; that is
where H DFT (s) is the KS-DFT Hamiltonian calculated at a density where the orbital φ iσ has occupation s, and η iσ is the slope of the linear Koopmans term. The slope η iσ can be chosen either following Slater's intuition (i.e. choosing η iσ as the orbital energy at occupation 1/2), or enforcing in a functional form the ∆SCF concept, i.e. choosing the slope as the total energy difference between two adjacent points at integer occupations (f iσ = 0 and f iσ = 1).
In the latter case one obtains the KI ("I" stands for integral) correction, that reads Π same time it preserves the linear behavior of the energy also in many-particle systems and thus is also (approximately) free from the many-body self-interaction error. 
where
Here χ(r, r ),ε(r, r ) and f Localization. The KC corrections in Eqs. (4) and (5) 
KC as a simplified electronic self-energy
To establish a connection with common electronic-structure approaches, we discuss here in some detail the actual form of the KC energy and potential corrections. To simplify the discussion we resort again to a Taylor expansion of the functionals in the orbital occupations.
Following Ref. 29 we can write the fully relaxed KI and KIPZ corrections up to second order in the occupations as (11) with F Hxc =ε −1 f Hxc . The screened, additional, orbital dependent KC potential acting on the i-th electron is defined as the derivative of the relaxed KC energy
with respect to the orbital density ρ iσ . Adding also the xc contribution from the underlying DFT functional, the total orbital-density dependent xc potentials read, up to the second order:
where the orbital dependent Hamiltonian is defined asĥ iσ |φ iσ =ĥ 0 |φ iσ +v rKC (2) iσ,xc |φ iσ , witĥ Hxc with respect to ρ iσ to stay within a second-order approximation.
In the absence of relaxation effects, i.e. assumingε −1 = 1, and neglecting the xc contribution in the underlying DFT, i.e. using a Hartree-only functional, the KIPZ correction provides a good approximation of the non-local Hartree-Fock (HF) exchange operator when evaluated on a localized representation. 22 In fact, the HF self energy Σ x is given, in terms of the occupied single particle spin-orbitals, as
where ψ iσ (x) are spin-orbital wavefunctions and x = {r, ξ} is a composite variable for the spatial coordinate r and the spin coordinate ξ. In the present work we neglect relativistic effects such that ψ iσ (x) = φ iσ (r)π σ (ξ) factorizes in the product of a spatial function φ iσ (r) and a spin function π σ (ξ) (see e.g. Ref. 47 ). Since Σ x depends on the density matrix, it is invariant under unitary transformations of the occupied manifold and can be expressed on any equivalent representation of the occupied manifold. In a representation where the orbitals {φ iσ } are as localized (non-overlapping) as possible, the off-diagonal contributions of the exchange operator can be neglected, and its matrix elements become:
where the Kronecker δ over the spin indices comes from the orthonormality of the spin functions. On the other hand, the matrix elements of the Hartree-only KIPZ potential without screening follow from Eq. (13), when any xc contribution is set to zero andε −1 = 1, and read
that for occupied orbitals reduces to
If we now turn on screening effects at the Hartree level, the RPA (statically) screened
RPA f H appears in Eq. (17), instead of the bare Coulomb kernel, and the KIPZ matrix elements become:
We now show that these matrix elements are similar to the static GW self-energy, known as Coulomb-hole plus screened-exchange (COHSEX) self-energy:
26,48,49
Like the HF self-energy, also the COHSEX one depends only on the density-matrix (when keeping W constant, independent on the orbitals) and is then invariant under unitary rotations of the occupied manifold. Rewriting the δ function using a completeness relation,
, and assuming again to work on a localized representation of the manifold to neglect off-diagonal contributions, the COHSEX matrix elements become (see SI for a detailed derivation):
The second term in the curly brackets is nothing but the self-Hartree of the orbital iσ, and the equation above matches exactly with Eq. (18) . As already stated, so far we have only considered the Hartree and screening contributions to the potentials. On one side, this derivation highlights the role of the KC potentials as local and orbital dependent approximation to non-local self energies. On the other side, when a more advanced DFT functional is used as a starting point, also the xc potential and f xc kernel play a role. 
but with a screened interaction that accounts for xc effects beyond the classical Hartree one: 
is not trivial, and is hindered by the presence of the xc energy and potential of the underlying DFT functional. Nevertheless, the similarity between the two approaches is apparent also in this case, and highlights the physical ingredients present in the KIPZ orbital-dependent potentials.
Computational Details
In 
First ionization potential
In this Section we analyze the average performance of the KC functionals described in Sec. 2.
To begin with, we focus on the first ionization potential (IP), for which accurate quantumchemistry calculations (such as, e.g., ∆SCF CCSD(T) at the def2-TZVPP level) are available in the literature. 67 Comparison against high-accuracy methods allows one to remove the experimental uncertainties and strictly focus on the failures of the theory. To quantify the agreement with respect to the CCSD(T) reference we look at the Mean Absolute Error (MAE), the Mean Absolute Relative Error (MARE), the Mean Signed Error (MSE), and the Standard Deviation (STDV), defined as
with ∆IP = IP − IP R the error in the ionization potential IP with respect to the reference
In Fig. 1 we present the results for the first ionization potentials calculated within the KI and KIPZ functionals (top and bottom panels, respectively). We also report results for perturbative KIPZ calculations (pKIPZ in the plots and tables, middle panel) where the KIPZ correction is computed on top of the KI minimizing orbitals, thus neglecting selfconsistency effects at the KIPZ level. We recall here that the KI total energy at integer occupation numbers coincides with that of the underlying density functional and thus KI preserves its unitary invariance under rotation of the manifold. As already discussed in previous works 21, 29 we choose a specific manifold by introducing an infinitesimally small PZ-SIC contribution to the KI energy. This allows us to (1) unambiguously define the manifold, since the small PZ-SIC term breaks the unitary invariance, and to (2) localize the orbitals without modifying the ground state energy.
The performance of these three KC functionals is summarized in the right panels of Fig In Fig. 2 we compare KC functionals with other electronic structure methods characterized by different level of complexity: the LDA-1/2 approach, 72 a purely KS scheme based on a local potential; Hartree-Fock (HF) and dielectric dependent hybrid (DDH) functionals, [73] [74] [75] accounting for the non-locality of the potential; and various GW schemes ranging from perturbative G 0 W 0 to fully self-consistent GW, taking also into account the (dynamical) screening in the effective single particle potential (self-energy). In terms of complexity, KC functionals, with their local but orbital-dependent potentials, stand in between LDA-1/2 and the hybrid functionals. It is remarkable then that the accuracy they achieve is comparable or actually superior to that of more sophisticated electronic structure approaches with the smallest error compared to CCSD(T). In this Section we report results concerning the use of Koopmans functionals to evaluate low-lying single particle energies. The linearity condition typical of all the KC flavors applies to the entire electronic manifold (and not just to the highest occupied orbital, as in exact DFT), and one thus expects meaningful corrections also for states different from the HOMO.
We considered 77 vertical ionization potentials from a subset of the molecules studied, for which experimental results are available in Refs. 8 and 76 (and references therein). We group the molecules according to their chemical and structural properties: the first group comprises 6 linear molecules including simple dimers (N 2 and F 2 ), polar molecules (HF and CO), and two molecules with a strong bond, i.e. hydrogen cyanide (C-N triple bond) and the simplest alkyne C 2 H 2 (C-C triple bond 
Conclusions
In conclusion, we have investigated in detail Koopmans-compliant functionals highlighting similarity and differences with respect to other well established electronic structure methods, and tested the full GW100 protocol. We show that the local and orbital-density dependent potentials typical of KC functionals can be thought of as a simplified yet accurate approximation to the self-energy operator beyond the GW approximation. We stressed once again the importance of the local nature of the variational orbitals that ultimately is responsible for the possibility to map the non-local self-energy operator into local but orbital dependent potentials. We ascribe the remarkably good performance of KC functionals (and in particular of KIPZ) to the inclusion of local vertex corrections which allow for an improved description of the screening processes and self-energies beyond the RPA approximation, typical of standard GW approaches. This theoretical analysis is supported by the numerical calculations of ionization potentials for the large (and standardized) GW100 set of molecules. The KIPZ functionals show remarkably good performance with a MAE or 0.20 eV, significantly better than all standard perturbative G 0 W 0 results and in line with GW calculations when some sort of self-consistency is considered. On the basis of the theoretical analysis presented here we argue that the inclusion of vertex corrections may be important to further close the gap between Green's function methods results and CCCSD(T). In the KC functionals this is done at the DFT level with a local vertex function. When deeper valence states are concerned, no significant change in the average performance of the KC functionals is observed, highlighting the effectiveness of the orbital-density dependent potentials in accurately describing the whole electronic structure manifold and not just the first ionization potential.
